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Abstract
Let δ be a locally nilpotent derivation on an affine domain B defined over the complex field C and let
A = Ker δ. Let M be a maximal ideal of B and let m = A∩M. Then δ extends to C-derivations δM and δˆM
on the local ring BM and its M-adic completion B̂M. We shall show that Ker δˆM is not necessarily equal
to the m-adic completion Âm, though Ker δM = Am provided B is factorial. This gives a negative answer
to a problem raised in [M. Miyanishi, Problems in Mathematisches Forschungsinstitut Oberwolfach Report
No. 01/2007 (p. 70) on the workshop “Affine Algebraic Geometry”, 2007. [5]]. As a related result, we also
give an example of a Ga-equivariant, nonfinite étale endomorphism ϕ of a smooth affine surface Y with a
Ga-action for which the induced endomorphism ψ on the algebraic quotient X = Y //Ga is ramified.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let B be an affine domain defined over C. We consider a nontrivial Ga-action on SpecB .
Let δ be the associated locally nilpotent derivation on B and let A = Ker δ, the Ga-invariant
subring of B . Let L (respectively K) be the quotient field of B (respectively A). Then K is the
Ga-invariant subfield of L. In other terms, if one extends δ to a C-derivation Δ on L in a natural
fashion, then K = KerΔ (see [3, Lemma 1.3.2]). Let P be a prime ideal of B and let p = P∩A.
Then δ also extends to a C-derivation δP on the localization BP. If B is factorial, Ker δP = Ap
(see Lemma 3.1 below). So, one is tempted to pose the following
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of δ to B̂P. Is Âp the kernel of δˆP?
The problem itself is motivated by the following
Problem 1.2. Let Y = SpecB be a normal affine variety with a Ga-action and let ϕ : Y → Y
be an unramified endomorphism which is Ga-equivariant. Let A = Ker δ and let X = SpecA,
where δ is the associated locally nilpotent derivation on B . Then the endomorphism ϕ induces
an endomorphism ψ : X → X. Is ψ unramified?
Let P be a point of Y and let Q = ϕ(P ). Let P (respectively Q) be the prime ideal of B cor-
responding to P (respectively Q). Let ϕ∗ be the C-algebra endomorphism of B associated to ϕ,
which satisfies the condition δ · ϕ∗ = ϕ∗ · δ by the assumption. The unramifiedness of ϕ implies
that the induced homomorphism ϕ̂∗ : B̂Q → B̂P is a local isomorphism. Let p = A ∩ P and
q = A ∩ Q. If Âp = Ker δˆP and Âq = Ker δˆQ, then the algebra homomorphism ψ̂∗ : Âq → Âp
is an isomorphism because ϕ̂∗ · δˆQ = δˆP · ϕ̂∗, which would imply that ψ is unramified. But this
approach toward Problems 1.1 and 1.2 is effective only when the fibers SpecBp and SpecBq
of the quotient morphism SpecB → SpecA do not have multiple components in the fibers
(cf. Lemma 3.2), and the problems have negative answers in general as shown below (cf. Corol-
lary 3.4 and Example 4.1).
2. Case of dimension one
Let k be a field of characteristic zero and let B be an affine k-algebra. We consider a non-
trivial Ga-action on SpecB and the associated k-derivation δ on B . Define the action of k+
(= the additive group of the ground field k) on B by
σα(b) =
∞∑
i=0
1
i!δ
i(b)αi
for α ∈ k+ and b ∈ B . For an ideal I of B , it is easy to show by making use of the van der
Monde determinant that δ(I ) ⊆ I if and only if σα(I ) ⊆ I for every α ∈ k+. We then say that
I is a δ-ideal. The Ga-action on SpecB has no fixed points if and only if δ(M) ⊂ M for any
maximal ideal M of B . If k is algebraically closed, B/M = k for a maximal ideal M. Hence the
Ga-action has no fixed points if and only if δ(B) ⊂ M for any maximal ideal M, or equivalently,
the ideal of B generated by δ(B) is equal to B . We shall prove the following
Theorem 2.1. Let B be an affine k-algebra of dimension one with a nontrivial locally nilpotent
derivation δ, and let R = Ker δ. Assume that the associated Ga-action on SpecB has no fixed
points. Then B = R[v] for an element v of B and R is an Artin ring.
We consider first the case where SpecB is irreducible, that is, the nilradical p := √0 of B ,
which is a δ-ideal, is a prime ideal.
Lemma 2.2. If SpecB is irreducible, then B = R[v], where R = Ker δ and v is an element of B
such that B := B/p is isomorphic to (R/p∩R)[v] with v = v (mod p).
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SpecB has a nontrivial Ga-action. Let δ be the associated k-derivation. Then B = k′[v], where
k′ is a finite algebraic extension field of k and v is a variable over k′. Since δ(v) = α is a nonzero
element of k′, we may replace v by α−1v and assume that δ(v) = 1. Let v be an element of B
such that v = v (mod p). Then δ(v) = 1 + q with q ∈ p.
We shall show that B = R[v], where R := Ker δ is an Artin local ring. If this is done, let n
be the maximal ideal of R. The residue ring B/nB is then a polynomial ring (R/n)[v˜] in one
variable over the field R/n, and p contains nB . Since there is a surjection θ : (R/n)[v˜] → k′[v]
such that θ(R/n) ⊆ k′ and θ(v˜) = v, it is readily shown that θ induces an isomorphism between
R/n and k′ and that n = R ∩ p.
There exists an integer r > 0 such that pr−1 = 0 and pr = 0. By induction on r , we shall
show that B = R[v]. The case r = 1 is obvious. For an element b ∈ B , we define the δ-degree,
dδ(b), as the integer n such that δn(b) = 0 and δn+1 = 0. Note that δn(b) ∈ Ker δ = R. Let
p ∈ pr−1. Since δ(p) ⊂ p, it follows that δi(p) ∈ pr−1 for any i  1. We shall show that p ∈
(pr−1 ∩ R)[v]. If n = dδ(p), let p′ = p − 1n!δn(p)vn. If one notes that pδ(v) = p(1 + q) = p
for any p ∈ pr−1, it follows that dδ(p′) < n. By induction on the δ-degree, p′ ∈ (pr−1 ∩ R)[v].
Hence p ∈ (pr−1 ∩R)[v].
Let B ′ = B/pr−1. By induction on r , we have B ′ = R′[v′], where R′ = Ker δ′ with δ′ = δ
(mod pr−1) and v′ = v (mod pr−1). Let a′ be an element of B such that a′ (mod pr−1) ∈ R′.
Then δ(a′) ∈ pr−1. Since pr−1 ⊆ R[v], we can write
δ(a′) = c0 + c1v + · · · + cmvm, ci ∈ pr−1 ∩R.
Then we have
δ
(
a′ − c0v − 12c1v
2 − · · · − 1
m+ 1cmv
m+1
)
= 0.
Hence
a′ −
(
c0v + 12v
2 + · · · + 1
m+ 1cmv
m+1
)
= a0 ∈ R,
whence a′ ∈ R[v]. Now let b be any element of B . Then b (mod pr−1) ∈ R′[v′]. So, there exists
a polynomial f ′(v′) ∈ R′[v′] such that f ′(v′) = b (mod pr−1). Write
f ′(v′) = a′0 + a′1v′ + · · · + a′sv′ s .
By the above remark, there exists a polynomial f (v) ∈ R[v] such that b − f (v) ∈ pr−1 ⊆ R[v].
So, b ∈ R[v], and B = R[v]. 
Lemma 2.3. With the assumptions in Theorem 2.1, we have B = R[v].
Proof. Let
√
0 = p1 ∩ · · · ∩ pt be the minimal prime decomposition. Then it holds that
(1) (√0)m = 0 for some integer m> 0, and δ(pi ) ⊂ pi for every i;
(2) pi + pj = B whenever i = j .
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SpecB with a nontrivial Ga-action, SpecB/pi is isomorphic to the affine line A1Ki , where Ki
is a finite algebraic extension of k. Since there are no Ga-fixed points on SpecB/pi , we have
SpecB/pi ∩ SpecB/pj = ∅ if i = j . This implies that pi + pj = B whenever i = j . Since
p1 ∩ · · · ∩ pt = p1 · · · · · pt , we have pm1 ∩ · · · ∩ pmt = 0. By the Chinese remainder theorem,
B ∼= B/pm1 × · · · × B/pmt . Set Bi = B/pmi . Then Bi is an irreducible affine k-algebra with the
locally nilpotent k-derivation δi induced by δ. The associated Ga-action on SpecBi has no fixed
points. Hence Bi = Ri[vi] by Lemma 2.2, where Ri = Ker δi . Put v = (v1, . . . , vt ). Note that
R = R1 × · · · ×Rt . Then it follows that B = R[v] ∼= R1[v1] × · · · ×Rt [vt ]. 
Lemmas 2.2 and 2.3 complete the proof of Theorem 2.1. For a later use, we consider, as an ex-
ample, the multiple fiber of an affine pseudo-plane (see [4] for the definition and relevant results).
Take the Danielewski surface W˜ ⊂ A3 = SpecC[x, y, z] defined by an equation z2 = 2(xy + 1),
which has an A1-fibration ρ˜ : W˜ → A1 defined by (x, y, z) → x. All the fibers of ρ˜ except for
the one over the point x = 0 are isomorphic to A1, while ρ˜−1(0) consists of two disjoint lines
{x = z − √2 = 0} and {x = z + √2 = 0}. W˜ has an involution σ : (x, y, z) → (−x,−y,−z).
Lemma 2.4. With the notations and assumptions as above, the following assertions hold.
(1) The quotient surface W˜/〈σ 〉 is given as W = SpecB , where
B = C[x2, y2, xy, xz, yz]= Γ (W˜ ,OW˜ )∩ C(W˜ )σ
with the σ -invariant subfield C(W˜ )σ of the function field of W˜ . The surface W has an
A1-fibration ρ : W → A1 which is given by the inclusion C[x2] ↪→ B , and W is an affine
pseudo-plane with the unique multiple fiber of multiplicity two lying over the point x2 = 0.
(2) Let X = x2, Y = y2, Z = xy, U = xz and V = yz. The C-derivation δ˜ on Γ (W˜ ,OW˜ )
defined by δ˜(x) = 0, δ˜(y) = z and δ˜(z) = x induces a locally nilpotent C-derivation δ on B
such that
δ(X) = 0, δ(Y ) = 2V, δ(Z) = U, δ(U) = X, δ(V ) = 2 + 3Z.
(3) Let B = B/XB and let u,v be the residue classes of U,V modulo XB . Then B = C[u,v]
with u2 = 0. The derivation δ on B induces a locally nilpotent derivation δ on B given by
δ(u) = 0 and δ(v) = 2 + 32uv. So, R := Ker δ = C[u] with u2 = 0.
Proof. The assertions (1) and (2) are readily verified. We shall prove the assertion (3). Let η, ζ ,
u, v be respectively the residue classes of Y , Z, U , V modulo XB . Then u2 = 0 because U2 =
x2z2 = 2X(1 +Z). Similarly, ζ 2 = uζ = 0. Since UV = xyz2 = 2xy + 2x2y2 = 2Z + 2Z2, we
have ζ = 12uv. Furthermore, since V 2 = y2z2 = 2y2(1 + xy), we have v2 = 2η(1 + ζ ) = 2η(1 +
1
2uv) = η(2 + uv). Since (2 + uv)−1 = 12 (1 − 12uv) in B , we have η = 12v2(1 − 12uv) = 12v2 −
1
4uv
3
. Since B = C[η, ζ,u, v], we have B = C[u,v] with u2 = 0. Clearly, δ(u) = 0 because
δ(U) = X. Since δ(V ) = 2 + 3Z, we have δ(v) = 2 + 3ζ = 2 + 32uv. Since δ2(v) = 3u, the
derivation δ is locally nilpotent. 
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Let B be an affine domain over C and let δ be a locally nilpotent derivation on B . Let
A = Ker δ. Let B∗ (respectively A∗) be the set of invertible elements of B (respectively A). It is
known that B∗ = A∗ and A is an inert subring of B , that is, a = b1b2 with a ∈ A and b1, b2 ∈ B
implies b1, b2 ∈ A (cf. [3]).
Lemma 3.1. Let T be a multiplicatively closed subset of B and let S = T ∩ A. Denote by δT
the natural extension of δ onto the localization BT := T −1B . Then S is a multiplicatively closed
subset of A. If B is factorial and if T satisfies the condition that b1b2 ∈ T with b1, b2 ∈ B implies
b1, b2 ∈ T , then AS is the kernel of δT . In particular, if P is a prime ideal of B and p = P ∩ A,
then Ap is the kernel of the natural extension δP of δ on BP provided B is factorial.
Proof. Let b/t be an element of Ker δT with b ∈ B and t ∈ T . Since B is factorial, we may
assume that b and t have no common factors but invertible elements. Let Φ : B → B[x] be the
C-algebra homomorphism defined by Φ(b) =∑∞i=0 1i!δi(b)xi , where x is a variable. Then Φ
extends to a C-algebra homomorphism L → Lx, where L is the quotient field of B . Since
Φ(b/t) = Φ(b)/Φ(t) = b/t , by comparing the top x-degree terms of tΦ(b) = bΦ(t), we have
bδn(t) = tδn(b), where δn(b)δn(t) = 0 and δn(b), δn(t) ∈ A (cf. [3, Lemma 1.3.2]). Since b and
t have no common factors, every irreducible component of t is a factor of δn(t), hence an element
of A. Since B∗ = A∗, this implies that t ∈ T ∩A. By the same reasoning, b ∈ A. Hence b/t ∈ AS .
This implies that AS = Ker δT . 
Set a = δ(B) ∩ A, which consists of elements a ∈ A with the form a = δ(b) for some b ∈ B .
The set a is an ideal of A.
Lemma 3.2. Let M be a maximal ideal of B and let m = A ∩ M, which is a maximal ideal of
A as well. Suppose a ⊂ m. Then Âm = Ker δˆM, where δˆM is the natural extension of δ onto the
completion B̂M.
Proof. There exists an element b ∈ B such that a = δ(b) ∈ A but a /∈ m. Let v = b/a. Then δ
extends to the localization Bm := B ⊗A Am. Since δ(v) = 1, we have Bm = Am[v] a polyno-
mial ring over Am and Ker δ = Am. Without loss of generality, we may assume that v ∈ MBm
and hence MBm = mBm + vBm. It is then readily verified that B̂M = Âmv. The natural ex-
tension δˆM of δ onto B̂M acts on B̂M in such a way that Âm ⊆ Ker δˆM and δˆM(v) = 1. Then
Ker δˆM = Âm. 
In view of this lemma, a possible counterexample to Problem 1.1 occurs only in the case
a ⊂ m.
Theorem 3.3. With the same notations as above, suppose that B/mB is an irreducible scheme
of dimension one and that the associated Ga-action on SpecB/mB has no fixed points. Then the
following assertions hold.
(1) Choose an element v ∈ B such that B/mB = R1[v], where R1 is an Artin local ring and we
denote the residue class of v in B/mB by the same letter. By replacing v by an element v− c
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with the same element v as above, where Rn is an Artin local ring. If m  n, we have a
natural exact sequence
0 → mnRm → Rm θnm−−→ Rn → 0
where θnm is a local homomorphism. Let R̂ = lim←− nRn. Then R̂ is a complete local ring.
(2) LetO = BM and let Ô be the M-adic completion ofO. Then R̂ is a subring of Ô and Ô/vÔ
is isomorphic to R̂.
(3) Let o = Am and let oˆ be the m-adic completion. Then oˆ is a subring of R̂, and oˆ = R̂ implies
R1 = C.
(4) The derivation δ on B extends to a derivation δˆ on Ô such that R̂ ⊆ Ker δˆ.
Proof. (1) By Lemma 2.2 and its proof, B/mnB = Rn[v] with an Artin local ring Rn, where we
can use the element v independently of n > 0. Furthermore, since B/M = C, we may assume
that v ∈ M. Let δn be the derivation on B/mnB induced by δ, and let θnm : B/mmB → B/mnB
be the natural surjection for m n. Then we have δn · θnm = θnm · δm. Thus θnm induces a local
homomorphism θnm : Rm → Rn which is surjective because θnm(v) = v. The kernel of θnm is
mnRm. For m n, we have θn = θnm · θm. So, {Rn}n>0 with the local homomorphisms θnm
is a projective system of local rings. The projective limit lim←− nRn exists and is a complete local
ring.
(2) Note that Rn ∼=O/(v,mn), where (v,mn) = vO+mnO, and that MN ⊆ (v,mn) if N  n
as Rn is an Artin local ring. Hence we have
R̂ = lim←−
n
O/(v,mn)= lim←−
n
O/(v,Mn)∼= Ô/vÔ
because
0 → lim←−
n
O/Mn−1O ×v−−→ lim←−
n
O/MnO→ lim←−
n
O/(v,Mn)→ 0
is an exact sequence. On the other hand, the composite of the natural homomorphisms
Rn → Bn →O/MnO
induces a homomorphism τ : R̂ → Ô which, composed with the canonical isomorphism
Ô→ Ô/vÔ, gives rise to an isomorphism R̂ ∼= Ô/vÔ. Hence τ is injective, and R̂ is a sub-
ring of Ô.
(3) The local homomorphism Am → BM induces an injection oˆ → Ô which factors as
oˆ α−→ R̂ β−→ Ô,
whence α is injective. So, oˆ is a subring of R̂. If α is surjective, R1 = R̂/mR̂ = C.
(4) The assertion is clear by the construction. 
Corollary 3.4. With the same setting as in Theorem 3.3, suppose that R1 = A/m. Then Âm is
not the kernel of the extended derivation δˆ.
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Problem 1.1. In the rest of the section, by making use of this counterexample, we shall construct
an element of Ker δˆ which does not belong to Âm.
Remark 3.5. In the ring B we have the relations
Z2 = XY, XV = ZU, YU = ZV, UV = 2Z(Z + 1).
Let M be the maximal ideal (X,Y,Z,U,V ) of B and let m = M∩A = (X), where A = Ker δ =
C[X]. Note that B/XB = R1[v] with R1 = C[u], where u = U (mod XB) and v = V (mod XB)
(cf. Lemma 2.4). Write B/X2B = R2[v], where we denote the residue class of V by the same
letter. Then U − 12XV + 38XZV gives rise to an element of R2 which is mapped onto u via θ12. In
general, it is hard to find an element in Rn which is mapped to u via θ1n, where B/XnB = Rn[v].
Instead, we look for an element in B/MnB which is mapped to u via the canonical surjection
B/MnB → B/M2B → B/(XB + VB) = R1, where we note that M2 ⊂ XB + VB (see the
computation in the proof of Lemma 2.4). We have
δ
(
U − 1
2
XV + 3
8
XZV
)
= 15
8
X2Y ∈ M3.
We integrate the term 158 X
2Y in V2 and subtract the resulting term
15
16X
2YV from the terms inside
the brackets after δ in the left-hand side. Thus, we have
δ
(
U − 1
2
XV + 3
8
XZV − 15
16
X2YV
)
= −45
16
X2YZ − 15
8
X2V 2 ∈ M4.
Next we integrate the terms in the right-hand side in V2 and put the resulting terms inside the
brackets after δ in the left-hand side with negative signs. We repeat similar operations to the
terms appearing in the right-hand side of the equation. After each operation, the added terms in
the brackets belong to the power of M with higher exponent than the remaining terms in the
brackets. So, we obtain a series
F = U − 1
2
XV + 3
8
XZV − 15
16
X2YV + 45
32
X2YZV + 5
16
X2V 3 + · · ·
which converges in Ô = lim←− nB/Mn. The element F belongs to Ker δˆ but not to oˆ.
Remark 3.6. In the example of Lemma 2.4, let w be the point of W corresponding to the maximal
ideal M = (X,Y,Z,U,V ) and let w = ρ(w) be the image point in A1. Let Ohw and Ohw be
the analytic local rings of the associated complex analytic varieties Wh and C at w and w,
respectively. The derivation δ on B induces an Ohw-derivation δh on the local ring Ohw . Then the
function F constructed in Remark 3.5 is an element of Ohw , which is δh-invariant but not in Ohw .
This implies that Problem 1.1 has a counterexample even in the analytic setting.
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With the notations in Problem 1.2, an obstruction for the induced morphism ψ on the quo-
tient variety X being unramified is the existence of the multiple components in the fibers of
the quotient morphism μ : Y → X. The following example, which is a counterexample to the
generalized Jacobian Conjecture, is also a counterexample to Problem 1.2.
Example 4.1. Let Y be an affine smooth surface with an A1-fibration ρ : Y → C such that
C ∼= A1 and ρ has two irreducible multiple fibers of multiplicity 2 (cf. [1, Example 2.2.2]). Let
2F0, 2F1 be the multiple fibers of ρ. Let P0 = ρ(F0) and P1 = ρ(F1). Let ν : C′ → C be the
double covering which ramifies over the point P0 and the point at infinity P∞. Let ν−1(P1) =
{Q1,Q2}. Let Y˜ be the normalization of the fiber product Y ×C C′ and let ρ˜ : Y˜ → C′ be the
natural A1-fibration induced by ρ. Then ρ˜ has two multiple fibers of multiplicity 2 lying over
the points Q1, Q2 and has one reduced, reducible fiber ρ˜∗(Q0) = G1 + G2, where ν−1(P0) =
{Q0} and G1 ∼= G2 ∼= A1. Let Y ′ := Y˜ − G2. Then Y ′ is isomorphic to Y and the covering
morphism ϕ˜ : Y˜ → Y restricted onto Y ′ is a nonfinite étale endomorphism of degree 2. Since the
A1-fibration ρ is trivial on the open set U = C − {P0,P1}, write ρ−1(U) = U × A1. Similarly,
the A1-fibration ρ′ : Y ′ → C′, which is induced by ρ˜, is trivial on the subset U ′ := ν−1(U).
If we take a fiber parameter t on ρ−1(U) = U × A1 = U × SpecC[t], then t is also a fiber
parameter on ρ′−1(U ′) = U ′ × A1. Since Y is affine, the partial derivative ∂/∂t multiplied by a
suitable regular function a on C gives rise to a locally nilpotent derivation δ on the coordinate
ring B = Γ (Y,OY ). Then δ defines a nontrivial Ga action σ on Y such that ρ is the quotient
morphism. Since the covering morphism Y˜ → Y is a finite étale morphism, the Ga-action σ
lifts uniquely to a Ga-action σ˜ on Y˜ which stabilizes the component G2 (cf. [2, Lemma 2.2]).
Hence the Ga-action σ lifts up uniquely to a Ga-action σ ′ on Y ′ such that ϕ ·σ ′ = σ ·ϕ. In other
terms, the locally nilpotent derivation δ lifts up uniquely to a locally nilpotent derivation δ′ on
the coordinate ring B ′ of Y ′ such that ϕ∗ · δ = δ′ · ϕ∗. Then the algebraic quotients Y // Ga and
Y ′ // Ga are C and C′, respectively, and the induced morphism ψ : C′ → C coincides with ν.
However, by the construction, ν is ramified.
The above example shows that the induced morphism ψ : X → X being unramified is related
to the existence of multiple fibers of the quotient morphism μ : Y → X := Y // Ga . For the
unramifiedness of ψ , we have the following criterion.
Lemma 4.2. Let μ : Y → X and μ′ : Y ′ → X′ be two A1-fibrations between affine varieties, and
let ϕ : Y ′ → Y be an étale morphism. Let ψ : X′ → X be a morphism such that ψ · μ′ = μ · ϕ.
Then there exists an exact sequence of OY ′ -modules
μ′ ∗Ω1X′/X → ϕ∗Ω1Y/X → Ω1Y ′/X′ → 0.
If ψ is unramified, then ϕ∗Ω1Y/X → Ω1Y ′/X′ is an isomorphism. Conversely, if μ′ and μ are
smooth surjective morphisms, then the isomorphism ϕ∗Ω1Y/X ∼−→ Ω1Y ′/X′ implies that ψ is an
étale morphism.
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(ψμ′)∗Ω1
X/C
f
α
ϕ∗Ω1
Y/C
β∼=
ϕ∗Ω1Y/X
γ
0
μ′ ∗Ω1
X′/C
g
Ω1
Y ′/C Ω
1
Y ′/X′ 0
μ′ ∗Ω1
X′/X 0 0
0
Let K ′ = Kerγ,L = Imf and L′ = Img. Then α induces a homomorphism α′ : L → L′. Let
K = coker α′. Note that β is an isomorphism since ϕ is an étale morphism. Then, by the snake
lemma, K is isomorphic to K ′. Since there is a surjection μ′ ∗Ω1
X′/X  K , we have an exact
sequence
μ′ ∗Ω1X′/X → ϕ∗Ω1Y/X → Ω1Y ′/X′ → 0.
Hence if ψ is unramified, then Ω1
X′/X = (0) and ϕ∗Ω1Y/X → Ω1Y ′/X′ is an isomorphism. If μ′
and μ are smooth morphisms, the homomorphisms f and g are injective. The snake lemma then
implies that
0 → μ′ ∗Ω1X′/X → ϕ∗Ω1Y/X → Ω1Y ′/X′ → 0
is an exact sequence. So, the isomorphism ϕ∗Ω1Y/X
∼−→ Ω1
Y ′/X′ implies that μ
′ ∗Ω1
X′/X = (0).
Since μ′ is a faithfully flat morphism, it follows that Ω1
X′/X = (0). Thus, ψ is unramified. 
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